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Abstract
This letter reviews the exact evolution equation for the axion effective potential with the axion
scale factor f , originally derived in [9], and phenomenological consequences of the flat effective
potential solution are discussed. It is shown that the corresponding vacuum energy (∼ 10−2m4a,
where ma is the axion mass) can be consistent with Dark Energy, and we compare this result
to other studies relating the axion and Dark Energy.
A Brief Review of Work on the Subject
Using the widely postulated QCD axion to explain, or partially explain Dark Energy at first
glance seems attractive. As one of nature’s few scalar fields, it could dove-tail neatly with
leading-candidate scalar field theories for Dark Energy such as quintessence. Attempts to link
the two were initiated by both the axion physics and cosmology communities shortly after the
acceleration of the expansion of the universe was discovered in 1998. The quintessence axion
model [1], (1999, 2000) uses four new pseudo scalar Goldstone bosons to create two axions,
fq ∼ Λplank and fa ∼ 10
12GeV , to describe quintessence and the conventional CDM-QCD
axion respectively. Mass acquisition occurs at the QCD energy scale µ ∼ ΛQCD for the fa axion
and at µ ∼ 10−12GeV for the fq quintessence axion. The latter results in an ultra light mass
of m ∼ 10−33GeV which is equated with quintessence. The quintaxion [2], [3] (2002, 2009)
builds from the quintessence model and seeks the qualities of a very large f value and a slow
roll of the potential to current times. A variation of a false vaccua theory, [7], postulates that
the axion field does not correspond to its true value, and this false vacuum can act as dark
energy provided its lifetime is longer than the age of the universe. [8] suggests an ”unstable
axion quintessence” model in which the minimum of the axion potential is negative.
The Axion and Dark Energy
The paper [9] from 2010 undertakes a full quantization of the axion potential, starting with an
often cited form for the Euclidean bare axion potential, e.g. [4]. Here f is the scale factor and
θ is, as usual, the axion phase degree of freedom.
Sθ =
∫
d4x
{
f 2
2
∂µθ∂
µθ +
∞∑
n=1
an(1− (cos θ)
n)
}
. (1)
In [9] treatment using a functional approach inspired by [5] results in an evolution equation for
the effective potential Ueff of the axion field with f . The techniques used in this derivation
are non-perturbative and the resulting evolution equation is exact. The result obtained in [9]
1
dtanner@ekobai.com
1
is quoted here.
U˙eff =
1
16pi2f
[
Λ4
2
−
Λ2
f 2
U ′′eff +
1
f 4
[U ′′eff ]
2 ln
(
1 +
f 2Λ2
U ′′eff
)]
. (2)
Here U˙eff is the derivative of Ueff with respect to f , and
′′ represents the second derivative
with respect to θ. Λ is the high energy cut off used to regularize the theory in the quantization
process.
[9] shows that in the self-interacting case, the scalar axion field is necessarily convex and flat-
tened by spinodal instability effects when the full quantum treatment is applied. It has been
recently shown and reviewed in [6] that the effective potential of a scalar field in spontaneous
symmetry breaking in the self interacting case leads to the Maxwell Construction and a flat ef-
fective potential. We also note here that while the axion field may evolve slowly over time from
its inception to the present day, the time scales we are considering are microscopic fractions of
a second, and we assume a time-independent θ.
It is noted that a valid solution of Eq.(2) can indeed be a flat potential with respect to θ,
where U ′′eff = 0.
U˙eff =
Λ4
32pi2f
. (3)
It is noted at this point that the variation of f is used as a mathematical technique in the
formulation of Eqs. (2) and (3) but it is noted that in axion physics f is not a constant and
indeed is usually set by hand. It is stressed that the flattened effective potential does not
depend on the axion field θ and as such Ueff is not an expectation value of this field but rather
the vacuum energy density. A boundary condition is then assigned to Eq.(3) such that the
potential when f = Λ is some value Ueff,f=Λ leading to:
Ueff (f) =
Λ4
32pi2
ln
(
f
Λ
)
+ Ueff,f=Λ. (4)
Here Ueff,f=Λ represents in integration constant solving (3) with the boundary condition f = Λ.
At the high energy level Λ, which represents the upper limit cutoff, it is considered that the
evolution of the axion field is in its earliest describable form. In this sense, for very small θ, the
commonly used cosine form of the axion potential (the form used in [9] prior to the quantization
process) (1) may be approximated in a polynomial expansion as in Eq. (5).
∞∑
n=1
an(1− (cos θ)
n) =
k1
2
θ2 −
k2
4!
θ4 +O[θ6], (5)
where k1 and k2 are constants which are combinations of the factors an in (1) (note the units
of an and hence k1 and k2 are quartic in mass). The axion scalar field resembles a double well
potential for a scalar field φ where φ ≡ φ(x) ≡ fθ and we make the equivalences k1
f2
≡ −µ2 and
k2
f4
≡ −λ and U(φ) is a bare (with respect to φ) potential of a double well.
U(φ) = −
1
2
µ2φ2 +
λ
4!
(φ2)2. (6)
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We now justify the use of the bare potential rather than an effective potential for the axion in
Eq.(5) and its approximation in Eq. (6) in the initial conditions of the solution for Eq.(4). We
are at high energy levels in the realm f ∼ Λ. For such large f , the kinetic term in the bare
action (6) dominates over the axion self-interactions, such that quantum fluctuations can be
neglected and the effective potential is very close to the bare potential.
The approximation of the axion cosine potential Eq.(5) for small θ to Eq.(6) has a physi-
cal significance as we may consider the axion initially as arising from a U(1)PQ symmetry
which is spontaneously broken, a system whose classical potential for a scalar field φ(x) is the
familiar double well potential as in Eq. (6). It is considered that such a double well potential
represents the origin of the spontaneously broken U(1)PQ symmetry responsible for the axion
field. An initial comment on this analysis is it does not incorporate any time parameter de-
scribing evolution of the field (the evolution is with f), but refers qualitatively to sequences
of configurations. The axion field emerges when the system is on the verge of spontaneous
symmetry breaking. In a typical double well scalar potential such as Eq. (6) this occurs when
µ changes from negative (representing a symmetrical ”U” shaped potential) to positive, which
is a form where spontaneous symmetry breaking can occur. Thus at µ2 = 0, λ 6= 0 (i.e. a
vanishing renormalized mass squared condition) the system can be considered on the verge of
spontaneous symmetry breaking as µ2 becomes > 0. The significance of the result Eq. (4) from
[9] is that it provides an almost flat effective potential following full quantization of the bare
potential in Eq (1). Since we have shown that this bare potential is analogous to the double
well potential we seek a full quantization of Eq. (6). We refer to [13] for a computation of the
one loop effective potential of this double well at µ = 0 in Eq. (6).
Veff(φ) =
1
4!
λmφ
4 +
λ2m
(16pi)2
φ4
(
ln
φ2
m2
−
25
6
)
+O[λ3m], (7)
where m is an arbitrary energy scale being considered and λm the energy-scale dependent
effective coupling. Here φ is the classical field denoted by φ ≡< φ >. The term quadratic in
λm is the first order correction. The flattening of the potential exhibited in Eq. (4) is a tree
level effect and we identify the term Ueff,f=Λ with the first order correction in to the quantized
potential. Hence we equate it to the first order correction term for Veff(φ) in Eq. (7) which is
the middle term on the right hand side of Eq. (7) . We acquire a negative sign for our final
result for Ueff,f=Λ due to the equivalences
k1
f2
≡ −µ2 and k2
f4
≡ −λ resulting in the potentials
we are comparing (Eqs. (6) and (5)) having opposite signs.
Ueff,f=Λ = −
λ2m
(16pi)2
φ4
(
ln
φ2
m2
−
25
6
)
. (8)
We have set a high energy limit to our theory of Λ, the regularization cut-off, and consider a
constant field φ and also that φ,m << Λ, thus satisfying our small θ approximation in Eq. (5).
We further now make an assumption that m ≈ φ based on the fact that both are arbitrary for
the purposes of our reasoning and both are small compared to Λ. We note we are considering
the case where Λ ∼ f . We do not take the energy scale m (and therefore φ) as equal to Λ as
we wish to explore the behavior at energy scales lower than the cut off of our theory, Λ. We
wish to keep m in our theory as a variable representing the energy scale below Λ at which we
3
are investigating.
In an analysis of the parameter λm we have no means of further evaluating
k2
f4
≡ −λ. However,
referencing other axion work, it is noted that the use of the bare potential (6), with µ = 0,
in quantization of the axion is similar to the approach taken in [14], where it is shown that
invisible axions form a Bose-Einstein condensate. Similarly in [16] and [15] the axion field
evolution is considered in this manner. In [14] the authors use a φ4 scalar model for the axion
and compute the effective scalar coupling constant as follows:
λ =
m2a
f 2
m3d +m
3
u
(md +mu)3
∼= 0.35
m2a
f 2
, (9)
where ma is the axion mass and md and mu are the up and down quark masses. The authors
state that this formula is obtained by using current algebra methods to derive an expression
for the axion effective potential and equating the fourth-order coefficient to λ. While λm in
(7) represents the scalar coupling at the energy scale m compared to λ in (9) representing the
coupling at the QCD energy scale, as a cursory approximation we take λ ≡ λm, which (with
f = Λ) gives:
Ueff,f=Λ ∼ 4× 10
−2
m4
f 4
m4a. (10)
As our energy scale m approaches the cut-off Λ (which in our theory ∼ f) Eq.(10) reduces
to Ueff,f=Λ ∼ 10
−2m4a. Here we have assumed λ << 1. The mass of the invisible axion has
been experimentally reduced to a bound of 10−4eV < ma < 10
−1eV , [16]. [17] notes a phe-
nomenologically required energy density for dark energy in of order UDE ∼ (10
−3eV )4, which is
representative of commonly quoted values. While the result in Eq.(10) is limited in usefulness
by the inconclusive nature of the ratio m
4
f4
< 1, it is interesting to note that the vacuum energy
result obtained for Ueff in Eq.(10) is of the correct order of magnitude for Dark Energy.
Comments and Comparison with Other Models
• Quintessence theories involve a dynamical scalar field changing in space time, as evidenced
by the accelerating expansion of the universe in the current era. Research involving
axions in this area was conducted by Kim and Nilles, [1], [2]. The work focuses on linking
quintessence with an ultra low mass axion whose potential has ”slow rolled” down to a
level associated with the required dark energy value. The ultra low mass is obtained by
considering a high f -valued string axion or an axion which acquires mass through contact
with some hidden sector quark of ultra low mass. In contrast, our result (10) does not
rely on any non-Standard Model physics other than the proposed QCD axion.
• The well cited works in [18] and [19] describe a family of particles termed ”pseudo-
Nambu-Goldstone-bosons” (PNGB), of which the axion is an example. These particles
exhibit spontaneously broken U(1) symmetry at a scale f and further explicit symmetry
breaking at a lower scale µ, and acquiring a mass ∼ µ2/f . [18] treats the neutrino as
a PNGB, and attempts to link its dynamical field to an effective cosmological constant
for several expansion times in the universe. We note that this approach links the mass
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of the neutrino-PNGB at certain eras to achieve required energy densities. [17] builds on
the well-cited work in [18] but, as in our analysis, considers spinodal instability effects on
the cosine form of the neutrino’s effective potential resulting in a flat energy density of
M4, where M is the mass of a light neutrino, corresponding to a dark energy like effect.
In contrast our work, in this case with QCD axion as the PNGB, results in m4a being
proportional to an energy density which we compare with Dark Energy.
• We have characterized the early phase axion field as being flat due to spinodal instability
effects. Quintessence models require a dynamical scalar field, [21]. We have discussed only
qualitatively the evolution of the axion field. Further analysis of our result is necessary to
determine how (10) could be shown to evolve into the current era. In terms of the axion
mass, ma which is a free parameter of our theory, [8], for example, provides a discussion on
how the axion mass may evolve with temperature scale T in the early universe evolution.
Additionally we note that the parameter λ in Eq. (9) can be considered as a running
coupling whose evolution with energy scale is governed by a suitable beta function.
Acknowledgements I would like to thank Jean Alexandre for guidance and comments.
References
[1] J. Kim, ”Axion and Almost Massless Quark as Ingredients of Quintessence,”JHEP
022(1999) 9905; [arXiv:hep-ph/9811509]. J. Kim, ”Model-dependent Axion as
Quintessence with Almost Massless Hidden Sector Quarks,” JHEP 016 (2000) 0006
[arXiv:hep-ph/9907528].
[2] J. Kim, H. Niles ” A Quintessential Axion, ” Phys. Lett. B553 (2003) 1-6;
[arXiv:hep-ph/0210402]
[3] J. Kim and H. Niles, ”Axion Dark Energy and a Composite QCD Axion,” JCAP 010
(2009) 0905; [arXiv:hep-th/0902.3610].
[4] J. Kim, G. Carosi, ”Axions and the strong CP problem,” Rev. Mod. Phys. 82, 557601
(2010)
[5] J. Alexandre, J. Polonyi, Annals Phys. 288, (2001) 37 [arXiv:hep-th/0010128]
[6] J. Alexandre, ”Spontaneous symmetry breaking and linear effective potentials” Phys. Rev.
D 86(2012) 025028 [arXiv:hep-ph/1205.1160]
J. Alexandre, A. Tsapalis ”Maxwell Construction for Scalar Field Theories with Sponta-
neous Symmetry Breaking” (2012) [arXiv:hep-ph/1211.0921]
[7] S. Barr, D. Seckel ”‘The Cosmological Constant, False Vacua, and Axions”’ Phys. Rev.
D64 (2001) 123513, [arXiv:hep-ph/0106239]
[8] O. Wantz, E Shellard, ”Axion Cosmology Revisited ,” (2009); [arXiv:astro-
ph.CO/0910.1066]
5
[9] J. Alexandre and D. Tanner “Quantization leading to a natural flattening of the Axion
potential” Phys. Rev. D D82 (2010) [arXiv:hep-th/1003.6049].
[10] J. Alexandre, N. E. Mavromatos and D. Tanner “non-perturbative string backgrounds
and axion induced optical activity,” New J. Phys 10 (2008) [arXiv:hep-th/0708.1154].
[11] J. Alexandre, N. E. Mavromatos and D. Tanner “Antisymmetric-Tensor and Electromag-
netic effects in an alpha’-non-perturbative Four-Dimensional String Cosmology, ” Phys.
Rev. D 78 (2008) [arXiv:hep-th/08042353].
[12] D. Tanner ”‘Non-perturbative Treatments of the Bosonic String and the Axion with
Cosmological Implications”’ [arXiv:1206.6902] http://arxiv.org/pdf/1206.6902.pdf
[13] A. Zee ”‘Quantum Field Theory”’Princeton University Press (2003)
[14] P. Sikivie and Q. Yang, ”Bose Einstein Condensation of Dark Matter Axions, ” Phys.
Rev. Lett. 103 (2009) 111301, [arXiv:0901.1106v4]
[15] P. Sikivie, ”Axion Cosmology,” Lect. Notes Phys. 741(2008 19-50,
[arXiv:astro-ph/0610440]
[16] L. Duffy and K. Bibber, ”Axions as Dark Matter Particles” New J. Phys. 11 (2009) 105008;
[arXiv:hep-ph/09043346].
[17] D. Cormier, R. Holman ”’Spinodal Instabilities and the Dark Energy Problem, ”‘ Phys.
Rev. Lett. 84 (2000) 5936-5939 [arXiv:hep-ph/0001168]
[18] J. Friedman, C. Hill, A. Stebbins and I. Waga, ”Cosmology with Ultra-
light Pseudo-Nambu-Goldstone Bosons,” Phys. Rev. Lett. 75 (1995) 2077-2080;
[arXiv:astro-ph/9505060].
[19] J. Friedman, C. Hill and I. Waga, ”Late Time Cosmological Phase Transitions: Particle-
physics models and cosmic evolution,” Phys. Rev. D 46 (1992) 1226-1238;
[20] P. Corasananti, M. Kunz, D. Parkinson, E.J. Copeland and B.A Bassett ” The
Foundations of Observing Dark Energy Dynamics, ” Phys. Rev. D D70 (2004) 083006;
[arXiv:astro-ph/0406608]
[21] E.J. Copeland, M. Sami, S. Tsujikawa ” Dynamics of dark energy, ” Int. J. Mod. Phys.
D15 (2006) 1753-1936; [arXiv:hep-th/0603057]
6
